We present an analysis of a number of different approximations for the plane transmittance T p and diffuse attenuation coefficient K d of a semi-infinite, unbounded, plane-parallel, and optically homogeneous layer. The maximally wide optical conditions (from the full absorption to the full scattering and from the fully forward to the fully backward scattering) were considered. The approximations were analyzed from the point of view of their physical limitations and closeness to the numerical solution of the radiative transfer equation for the plane transmittance. The main criterion for inclusion of the models for analysis was the possibility of practical use, i.e., approximations were well parameterized and included only easily measured or estimated parameters. A detailed analysis of errors for different T p and K d models showed that the two-stream radiative transfer Ben-David model yields the best results over all optical conditions and depths. However, the quasi-single-scattering and polynomial Gordon's approximations proved to be the best for the depths close to zero.
Introduction
A numerical estimation of the amount of light passed (transmitted) through the scattering and absorbing media is a key for the solution of many practical tasks applicable in various fields, from paint technology and biomedicine to atmospheric and oceanic optics. This task is closely related to the task of numerical estimation of the amount of light reflected from the layer's surface [1] [2] [3] [4] [5] [6] . A consideration and comparison of different numerical and analytical models for calculation of diffuse reflectance (plane and spherical albedo) of a semi-infinite, unbounded, plane-parallel, and optically homogeneous layer was the main topic of our preceding publication [7] .
The current study is devoted to modeling the plane transmittance T p in the plane-parallel layer.
Although the transmittance is directly related to reflectance, its modeling seems to be more complicated. Moreover, an analysis of the current literature leads to understanding serious difficulties in both the numerical and analytical modeling of diffuse transmittance. For example, using the numerical results obtained by Dlugach and Yanovitskij [8] or analytical expressions by King and Harshvardhan [9] based on these results leads to the unusual pick in the dependence of transmittance versus depth at some values of parameters. The other researchers have encountered similar problems in their numerical computations (see, e.g., [10, 11] ).
This study is an attempt to fill this gap by using a new powerful numerical method, the modified discrete ordinates method [(MDOM) combining the classical DOM with the small-angle modification of the spherical harmonic method (MSH)], already validated before for reflectances and transmittances by comparing with the other numerical methods [12] [13] [14] [15] and empirically [15] . However, simple and physically based approximate models remain widely applicable for many practical tasks, including inverse optical problems, processing data in a real time, or processing the multispectral and hyperspectral images. Therefore, we present here a series of different plane transmittance approximate models and compare them with the MDOM. All selected models used well-defined inherent optical properties (IOPs), such as single-scattering albedo ω 0 and backscattering probability B along with the cosine μ i of the incidence angle θ i in the medium. A choice of these model parameters was realized so as to reduce their number to minimum.
We also investigated another optical property that has an extremely wide application in ocean optics and is closely related to the plane transmittance, namely, diffuse attenuation coefficient, K d .
Main Definitions

A. Plane and Spherical Transmittances
We will consider plane transmittance in plane-parallel homogeneous unbounded layers illuminated by the external light source. The plane transmittance T p is defined as the ratio of radiation transmitted diffusively on the optical depth τ cz (z is the layer depth) to the incoming direct radiation. The T p may be mathematically expressed through the geometrical consideration as [9, 10, 16] T p μ i ; τ 1 π
where Tμ i ; μ v ; φ; τ is the transmission function, defined as the ratio of the direct radiation transmitted on the layer depth z to the incoming direct radiation;T μ i ; μ v ; τ is the azimuthally averaged transmission function; μ i is the cosine of the incidence angle θ i in the medium; μ v is the cosine of the viewing angle θ v in the medium; and φ is the azimuthal angle between the incident and scattered beam directions. The other names for T p used in the literature for the plane transmittance are "diffuse transmittance of the surface, illuminated by the direct rays" and "total transmission."
We input also another optical property related to plane transmittance, namely, the spherical transmittance (the other literature names are "diffuse transmittance of the surface, illuminated by the diffuse light" and "global transmittance") defined as [10, 16] 
It is obvious that transmittance is an optical property more complicated for modeling than reflectance because it contains one additional parameter, τ. An additional difficulty is the necessity to consider multi-flux scatterings, transmissions, and reflections processes in the layer. Nevertheless, several physical limitations may be established for T p μ i ; τ:
Here F is the forward scattering probability equal to the ratio of forward scattering coefficient b f to the total scattering b; B 1 − F is the backscattering probability equal to the ratio of backscattering coefficient b b to the b; ω 0 is the single-scattering albedo equal to the ratio of b to the attenuation coefficient c a b (a is the absorption coefficient); τ ef in an effective optical depth, which may be presented as τ ef τ∕μ i for collimated light with a good accuracy [17] .
These limitations undoubtedly help in transmittance analytical modeling. The limitations (5) to (8) appeared to be little less obvious than the first four, but they have a clear meaning. Actually, they mean that all obstacles for the successful light propagation through the medium are related to two different processes, namely, absorption in the medium and backscattering [18, 19] . Therefore, if light is not scattered at all (ω 0 0) or scattered only in the forward direction (i.e., F 1), then light's propagation will be weakened only due to absorption. This is in complete correspondence with the classical Bouguer-Lambert-Beer law for absorption, BLB-a (e.g., [20] [21] [22] ). On the other hand, if light is not absorbed at all (ω 0 1), then light's propagation will be weakened only due to backscattering that is in contradiction to the Bouguer-Lambert-Beer law for attenuation, BLB-c [23, 24] , in its general form.
To take into account backscattering, several other approximate models were developed [11, 17, 18, 22, [25] [26] [27] [28] ; however, one should be very cautious about their applicability, especially at high values of B. We consider this question below by comparing all considered approximations to the numerical results.
Note that the physical limitations similar to those written for the T p μ i ; τ may also be established for tτ; however, the spherical transmittance will not be considered in depth in this publication.
Some of the limitations noted above may be derived from a scheme for multiple reflections and transmissions in the slab (Fig. 1) . A summation of all reflected and transmitted irradiances in the slab of thickness z gives the total irradiance
where I i is the irradiance incoming on the slab; T p1 z and t 1 z are the plane transmittance and spherical transmittance, respectively, after the first light passing through the slab of thickness z; and, similarly, R p1 z and r 1 z are the plane albedo and spherical albedo, respectively, before the first light passing through the slab of thickness z. Thus, a total plane albedo will be
A detailed analysis of Eq. (4) leads to the abovementioned limitations. A similar consideration of multiple reflections and transmissions in the slab in the case of diffuse illumination leads to an equation for the spherical transmittance:
The same equation has been derived, for instance, by Stokes [1] , Tuckerman [2] , and Bohren and Huffman [6] , their Eq. (2.76). The similar equations were derived also by Gurevich [3] and Kubelka [5] in the frame of their two-flux theory; however, their equations deal with the reflectance from the infinitely thick layer.
Calculation Methods and Numerical Results
A. Input Data for Modeling
Three different scattering phase functions pθ ( Fig. 2 ) have been used in our study for modeling transmitted properties of the layer.
We used two optical properties for characterization of pθ, namely, scattering asymmetry parameter g and backscattering probability B as follows: (1) g 0.0019, B 0.4986 [the pθ with such parameters corresponds to the case of the balance between the forward and backscattering]; (2) g 0.5033, Fig. 1 . Schematic picture for the case of plane transmittance. The T p1 z and t 1 z are the plane transmittance and spherical transmittance, respectively, after the first light passing through the slab of thickness z. Similarly, the R p1 z and r 1 z are the plane albedo and spherical albedo, respectively, before the first light passing through the slab of thickness z. B 0.1559 (process of forward scattering is prevailing); (3) g 0.9583, B 0.0087 (process of backscattering is almost negligible compared to forward scattering). The pθ have been calculated using exact Mie theory for spherical particles distributed in the medium according to the gamma particle size distribution [29, 30] for different values of the effective radius r eff and particles (relative to medium) refractive indices m n − iχ (at the wavelength of 550 nm) as specified in Table 1 . For comparison, we plot also Henyey-Greenstein pθ [31] computed for the same values of B as selected pθ, but for g values ensuring a maximal closeness to the selected pθ.
The accuracy of the approximated models was evaluated by computing the mean absolute percentage error (MAPE) and the normalized (to the standard deviation s) root-mean-square error (NRMSE):
wherex i and x i are the analytical (approximated) and numerical (accepted as a reference) values of the optical property under investigation, respectively;x is the averaged value for all x i values derived for a given phase function pθ. The MAPE yields an averaged absolute error while the NRMSE indicates whether the prediction is better than a simple mean prediction. An NRMSE 0 indicated predictions are perfect and an NRMSE 1 indicates that prediction is no more accurate than taking the mean of numerical results for the given modeling parameters. The values of ω 0 for modeling were taken from the range of 0.1, 0.2…0.9, 0.95, 0.99, 0.999, 0.9999; however, in a final analysis we used only three different ranges for the ω 0 , namely, 0.1 ≤ ω 0 ≤ 0.6, 0.6 ≤ ω 0 ≤ 0.9, and 0.9 ≤ ω 0 ≤ 1. Additionally, we accepted θ i 30.5°to ensure compatibility with the reflectance results [7] and 0 ≤ τ ≤ 10. So a wide choice of optical parameters along with the very different scattering phase functions allows us to perform the best possible test of approximations under study.
One numerical method (MDOM), two forms of the classical BLB law (for absorption and attenuation linear coefficients), and six simple analytical expressions found in the literature were used for modeling
B. MDOM Method for the Plane Transmittance
The benchmark numerical method of radiative transfer equation solution (called MDOM) used in the current publication is based on the superposition of the smooth regular part and the most anisotropic singular parts [12, 32] . The MDOM algorithm computes the radiation diffusively reflected from or transmitted through a plane-parallel homogeneous absorbing and scattering slab. The solution for the regular part is found by a classical DOM (e.g., see [33] ), while for the singular part the small-angle MSH has been developed [34] and exploited [12] [13] [14] . A solution is written in the form of the matrix exponential functions [14] . Numerical calculations prove that the BLB-a law does not take backscattering impact into account and, therefore, significantly overestimates T p τ at B ≫ 0. Oppositely, the BLB-c law dealing with total scattering (in addition to absorption) and, therefore, significantly underestimates T p τ at ω 0 ≫ 0.
The next step is a validation of different analytical models found in the literature (they listed in Table 2 ) Figure 4 shows variations of relative errors for modeling values of T p τ with the depths. All models included in analysis yield the T p 0 1 and, therefore, zero error at the layer's top. However, in general case, errors grow fast with a depth, and no model provides an acceptable accuracy at large depths and at any values of optical parameters. This fact makes difficult an estimation these models at certain depths. Instead of this, we compared all analytical models with the MDOM algorithm at the same angle θ i 30.5°and the first 10 optical depths (Table 2 and Fig. 5) .
A comparison shows a high closeness between all models at small ω 0 values and between most models at small B values (e.g., at F and g close to 1). For example, at g 0.96 and τ 1, the BLB-a, QSSA, Gordon, Kirk, Ben-David, and Lee models yielded errors jδj < 1.7%, 1.0%, 3.7%, 3.3%, 1.1%, and 1.7%, respectively, comparative to MDOM at any values of ω 0 . This is not surprising, because most of the models were developed just for small B values. For example, the QSSA model has been tested (by the Matrix Operator method and the Monte Carlo simulations) with the eight phase functions at values of B from 0.0236 to 0.1462 [18] ; similarly, Kirk [26] investigated different natural and artificial waters with the g values varied from 0.660 to 0.947 (that corresponded to a range of B from 0.146 to 0.013); the Lee [28] model has been constructed following the numerical radiative transfer computations (by Hydrolight simulations) for three pθ with the values of B 0.010, 0.018, and 0.040.
On the other hand, the Cornet's model [22] was developed by modification of the Schuster's [35] radiative transfer model and, similar to the other historical approximations, like BLB-a and BLB-c, does not include scattering asymmetry parameters, therefore yielding generally the best results for the intermediate values of B. The least sensitivity of accuracy on the scattering asymmetry revealed the Ben-David's model that was developed as a modification of the two-stream van de Hulst's radiative transfer model [36, Chapter 14] . Results demonstrate the best robustness for the Ben-David model having errors NRMSE < 3% for any range of parameters and 0 ≤ τ ≤ 10 ( Table 2 ).
D. Diffuse Attenuation Coefficient Modeling
As was shown in our study and many others, a propagation of light in a plane-parallel layer generally does not obey the BLB law for both absorption and attenuation. This situation was recognized as minimum not later than in the 1970s in atmospheric The errors values (MAPE and NRMSE) derived for the T p θ i ; τ are shown in the upper, middle, and bottom rows for the pθ with g 0.0019, 0.5033, and 0.9583, respectively, while the errors values derived for T p θ i ; τ computed for the ranges of 0.1 ≤ ω 0 ≤ 0.6, 0.6 ≤ ω 0 ≤ 0.9, and 0.9 ≤ ω 0 ≤ 1 are shown in the left, middle, and right positions, respectively. Note that τ ef τ∕μ i . Errors more than 100% noted by "-."
and ocean optics [18, 37, 38] . To overcome this disadvantage of the BLB law, instead of a or c, a special optical quantity, called diffuse attenuation coefficient K d [17, [38] [39] [40] , was exploited as a parameter. A strong mathematical definition of the K d at the depth z is 
from which follows for the plane transmittance
whereK d 0 → z is the average diffuse attenuation coefficient in the layer of thickness z:
There follows from Eq. (9) a simple equation expressing a ratio betweenK d 0 → z and c in terms of plane transmittance and optical depth:
A plot forK d 0 → z∕c as a function of τ, ω 0 , and B for three selected phase functions is shown in Fig. 6 . All calculations here were carried out by the MDOM method and Eq. however, the QSSA and Gordon's polynomial models prove to be superior for the top of the layer, yielding errors in the range 20% at any values of optical parameters (Fig. 7) .
To show a connection between the QSSA and numerical computations more clearly, we plotted ( Fig. 8 ) a dependence ofK d 0 → zμ i ∕c versus 1 − ω 0 F at the stable light regime in the top of the layer (at τ 10 −6 ) and at the asymptotic light regime (at τ 1000). At the top of the layer, where the QSSA works well, this dependence is very close to the 1∶1 line; however, at large depths this approximation is held only for very strong forward scattering or at large scattering contribution. Therefore, using more precise numerical or analytical models for modeling T p at large depths would be the better solution.
Conclusions
One numerical method (MDOM), two forms of the classical BLB law, and six simple analytical expressions found in the literature were used for modeling the plane transmittance T p and diffuse attenuation coefficient K d of unbounded plane-parallel turbid layers illuminated by direct beam radiation. For this aim, three very different phase functions and a wide range of the single-scattering albedo ω 0 were used for modeling. All models were checked for their correspondence with the physical limitations and compared with the accurate numerical results.
Results show that the accuracy in T p normally deteriorates with the depth while an estimation of K d is much less depth dependent. Different models revealed their applicability under different optical conditions. More specifically, both versions of the BLB law (for absorption and attenuation) work relatively well at small ω 0 , while such optical models as QSSA, Gordon, Kirk, and Lee, which were developed primarily for ocean applications, have shown good results at typical conditions characterizing natural waters, namely, small B and wide range of ω 0 . Among these models, the QSSA and Gordon's models demonstrated the best results, however, the Gordon's model (and, similarly, the Lee's model) has small deviations from the BLB-a law at ω 0 0. By contrast, the Cornet and Ben-David models were developed from the more general radiative transfer assumptions and have shown good results at different values of B.
Overall, for all values of 0 ≤ τ ≤ 10, 0.01 ≤ B ≤ 0.50 and 0.1 ≤ ω 0 ≤ 0.9999, the Ben-David model has demonstrated the best results (with the NRMSE 2.1% and 7.4% for T p and K d , respectively) among analytical models; however, the QSSA and Gordon's models were superior for the K d 0 estimation (2.5% and 3.8%, respectively, versus 5.3% for the BenDavid model). However, it should be noted that we could not find from the literature or be able to develop ourselves a model that could provide an acceptable accuracy of the plane transmittance at large depths and at any values of optical parameters. Thus, we see a development of such model as a future task. Additionally, it is worth noting that the authors considered in details only plane transmittance but did not investigate the spherical one. Thus, this is also a possible task for future studies.
Nevertheless, the obtained results may be useful for solution of many problems relating to the light propagation through turbid media-from very clear skies and clear oceanic waters to extremely turbid inland waters, biological tissues, and paint and varnishes systems. 
